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The Cauchy Singular Integral Operator 
on Weighted Variable Lebesgue Spaces 

Alexei Yu. Karlovich and Ilya M. Spitkovsky 



Abstract. Let p : R — > (1, oo) be a globally log-Holder continuous variable 
exponent and w : R — ^ [0, oo] be a weight. We prove that the Cauchy singu- 
lar integral operator S is bounded on the weighted variable Lebesgue space 
L p(,) (R,w) = {/ : fw G L p(0 (R)} if and only if the weight w satisfies 

SU P 7-^— \\'WX(a,b)\\p(-)\\w^ 1 X(a,i)\\p'(-) < 00 0-/p( x ) + 1 /p'{ x ) = !)• 
— oo<a<b<oo o — a 
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1. Introduction 



' Let p : R — > [1, oo] be a measurable a.e. finite function. By L p (')(R) we denote the 

set of all complex-valued functions / on R such that 



W/A) : = / \f{x)/x\ p{x) dx< 



00 

for some A > 0. This set becomes a Banach space when equipped with the norm 

||/|| p( .) :=mf{A>0:/ p( .)(//A)<l}. 

It is easy to see that if p is constant, then L p (')(R) is nothing but the standard 
Lebesgue space L P (R). The space is referred to as a variable Lebesgue 

space. 

A measurable function w : R — > [0, oo] is referred to as a weight whenever 
< w(x) < oo a.e. on R. Given a variable exponent p : R — > [1, oo] and a weight 



The first author is partially supported by FCT project PEstOE/MAT/UI4032/2011 (Portugal). 



2 



A. Yu. Karlovich and I. M. Spitkovsky 



w : R — > [0, oo], we define the weighted variable exponent space L P ^(R, w) as the 
space of all measurable complex- valued functions / such that fw G L p (')(R). The 
norm on this space is naturally defined by 

ll/llp(.),w : = \\f w \\p(-)- 

Given / € L 1 1 oc (R), the Hardy-Littlcwood maximal operator is defined by 
Mf{x) := sup -I- f \f(y)\dy 

Q3x M JQ 

where the supremum is taken over all intervals Q C R containing x. The Cauchy 
singular integral operator S is defined for / G L 1 1 oc (R) by 

(Sf)(x) := - f J^dr (x G R), 
m J r t-x 

where the integral is understood in the principal value sense. 

Following 4, Section 2] or [5J Section 4.1], one says that a : R — »■ R is locally 
log-Holder continuous if there exists c\ > such that 

|a(x) - a(y)| < - — f p- 

log(e + l/lx - y|) 

for all i,y£l. Further, a is said to satisfy the log-Holder decay condition if there 
exist G R and a constant C2 > such that 

|a(x) - aool < - — 02 

log(e+ \x\) 

for all One says that a is globally log-Holder continuous on R if it is locally 

log-Holder continuous and satisfies the log-Holder decay condition. Put 

p_ := ess inf p(x), esssupp(x) =:p+. 

As usual, we use the convention l/oo := and denote by V l ° s (R) the set of all 
variable exponents such that 1/p is globally log- Holder continuous. If p € ^'^(R), 
then the limit 

i lim _L 

p(00) |a;j->aD p(a;) 

exists. If p+ < oo, then p G V S (R) if and only if p is globally log-Holder contin- 
uous. 

By [5j Theorem 4.3.8], if p £ V log (R) withp_ > 1, then the Hardy-Littlewood 
maximal operator M is bounded on L p ( '^(R). Notice, however, that the condition 
p G V l ° s (R) is not necessary, there are even discontinuous exponents p such that M 
is bounded on L P '')(R). Corresponding examples were first constructed by Lerner 
and they are contained in [5J Section 5.1]. 

In this paper we will mainly suppose that 

Kp-, p + <oo. (1.1) 
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Under these conditions, the space L p ('\M) is separable and reflexive, and its Ba- 
nach space dual [L p (')(R)]* is isomorphic to L p ''^(M), where 

l/p(x) + l/p'(x) = 1 (x£ K) 

(see Chap. 3]). If, in addition, wxe £ i p( ) ( R ) and Xe/w E U>'^(R) for any 
measurable set E C R of finite measure, then L p ^(R,w) is a Banach function 
space and [L p (')(R, w)]* = L p ( '^(R, w -1 ). Here and in what follows, denotes 
the characteristic function of the set E. 

Probably, one of the simplest weights is the following power weight 

m 

w(x) :^\x -i\ x ^Y[\x - Xj\^ , (1.2) 
i=i 

where — oo < x% < ■ ■ ■ < x m < +oo and Ai, . . . , A m , Aoo E R- Kokilashvili, 
Paatashvili, and Samko studied the boundedness of the operators M and S on 
L p ^(R,w) with power weights HI]). From [TTJ Theorem A] and [H Theorem B] 
one can extract the following result. 

Theorem 1.1. Let p e P lo s(R) sate/y (HI]) and w be a power weight (jl.2|) . 

(a) (Kokilashvili, Samko). Suppose, in addition, that p is constant outside an 
interval containing x\ , . . . , x m . Then the Hardy- Littlewood maximal operator 
M is bounded on L p ^ (R,w) if and only if 

1 1 m 

0<—- + \ 3 <lforje{l,...,m}, 0<— - + A oc .+^A 3 <1. (1.3) 
P(Xj) pyoo) . =1 

(b) (Kokilashvili, Paatashvili, Samko). The Cauchy singular integral operator S 
is bounded on L p ^(R,w) if and only if (jl.3l) is fulfilled. 

Further, the sufficiency portion of this result was extended in [12l [13] to 
radial oscillating weights of the form IlJLi u >j{\ x ~ x j\)i where Wj(t) are continuous 
functions for t > that may oscillate near zero and whose Matuszewska-Orlicz 
indices can be different. Notice that the Matuszewska-Orlicz indices of Wj(t) = t, Xj 
are both equal to A^ . 

Very recently, Cruz-Uribe, Diening, and Hasto [5] Theorem 1.3] generalized 
part (a) of Theorem ll.il to the case of general weights. To formulate their result, we 
will introduce the following generalization of the classical Muckenhoupt condition 
(written in the symmetric form). We say that a weight w : R — > [0, oo] belongs to 
the class ^4 P (.)(R) if 

SUP 7"^— \\wX(a,b)\\p(-)\\w~ 1 X(a,b)\\p>(-) <00. 

— oo<a<6<oo a 

This condition goes back to Berezhnoi [3] (in the more general setting of Banach 
function spaces), it was studied by the first author [S] (in the case of Banach 
function spaces defined on Carleson curves) and Kopaliani [15 . 
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Theorem 1.2 (Cruz-Uribe, Diening, Hasto). Let p G P los (R) satisfy ([LT|) and 
w : K — > [0, oo] &e a weight. The Hardy-Littlewood maximal operator M is bounded 
on the weighted variable Lebesgue space L p ^{R,w) if and only if w G *4 p (.)(R). 

The aim of this paper is to generalize part (b) of Theorem 11.11 to the case of 
general weights. We will prove the following. 

Theorem 1.3 (Main result). Let p G 7> log (R) satisfy CEH]) and w : K -)• [0,oo] 
be a weight. The Cauchy singular integral operator S is bounded on the weighted 
variable Lebesgue space L P ^(R, w) if and only if w G -4 p (.)(R). 

From this theorem, by using standard techniques, we derive also the following. 

Theorem 1.4. Let p G P los (R) satisfy |LT|) and w G -4 p( .)(R). Then S 2 — I on the 
space w) and S* = S on the space L p ^''(W, w ). 

The paper is organized as follows. In Section [2] we collect necessary facts on 
Banach function spaces X(R) in the sense of Luxemburg and discuss weighted 
Banach functions spaces X(R, w) = {/ : fw G A(R)}. A special attention is paid 
to conditions implying that X(R, w) is a Banach function space itself, to separa- 
bility and refiexivity of X(R,u>), and to density of smooth compactly supported 
functions in X(R, w) and in its dual space X'(R, w^ 1 ). In Section [3?2l we prepare 
the proof of a sufficient condition for the boundedness of the operator S and for- 
mulate two key estimates by Lerner [16] and Alvarez and Perez [Tj . On the basis of 
these results, in Section 15751 we prove that if A(R) is a separable Banach function 
space and the Hardy-Littlewood maximal function is bounded on the weighted Ba- 
nach function spaces X(R, w) and A'(R, if -1 ), then S is bounded on A(R, w) and 
S 2 = I. Moreover, if A(R) is reflexive, then S* coincides with S on A'(R, w^ 1 ). In 
Section [3.41 we prove that if 5* is bounded on the weighted Banach function spaces 
X(R,w), then 

SUP T— — l|wX(a,b)|U(R)||w _1 X(a,b)|U'(R) < OO 
— oo<a<fe<oo " a 

where A'(R) is the associate space for A(R). Finally, in Section l3~5l we explain 
that Theorems 11.31 and 1 1 .41 follow from results of Sections 13. 31 - 13. 41 and Theorem 1 1.2 1 
because L p ( '(R) is a Banach function space, which is separable and reflexive when- 
ever p satisfies (jl.ll) . 

2. Weighted Banach function spaces 
2.1. Banach function spaces 

The set of all Lebesgue measurable complex-valued functions on R is denoted 
by A4. Let M + be the subset of functions in M. whose values lie in [0, cxd]. The 
characteristic function of a measurable set E C R is denoted by \e and the 
Lebesgue measure of E is denoted by \E\. 
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Definition 2.1 ([2, Chap. 1, Definition 1.1]). A mapping p : M + — > [0, oo] is called a 
Banach function norm if, for all functions f,g, f n [n £ N) in M. + , for all constants 
a > 0, and for all measurable subsets E of R, the following properties hold: 



(Al) p(/) = 0#/ = 0a.e., p(af) = ap(f), p(f + g) < p(f) + p(g), 

(A2) < g < f a.e. =>■ < (the lattice property), 

(A3) 0</„f / a.e. p(f n ) t ?(/) (the Fatou property), 

(A4) \E\ < oo => p(xis) < oo, 



with Ce S (0, oo) which may depend on _E and p but is independent of /. 

When functions differing only on a set of measure zero are identified, the set 
X(R) of all functions / £ M. for which p(\f\) < oo is called a Banach function 
space. For each f € X (R) , the norm of / is defined by 



The set X(R) under the natural linear space operations and under this norm 
becomes a Banach space (see [3J Chap. 1, Theorems 1.4 and 1.6]). 

If p is a Banach function norm, its associate norm p' is defined on M + by 



It is a Banach function norm itself [H Chap. 1, Theorem 2.2]. The Banach function 
space X'(R) determined by the Banach function norm p' is called the associate 
space (Kothe dual) of X(R). The associate space AT'(R) is a subspace of the dual 
space [AT(R)]*. The construction of the associate space implies the following Holder 
inequality for Banach function spaces. 

Lemma 2.2 ([5J Chap. 1, Theorem 2.4]). Let X(M.) be a Banach function space and 
X'(R) be its associate space. If f £ X(R) and g £ A"'(R) 7 then fg is integrable 
and 

Wfoh^W) < ll/IU(R)llfl , llx'(H)- 

The next result provides a useful converse to the integrability assertion of 
Lemma 12.21 

Lemma 2.3 ([21 Chap. 1, Lemma 2.6]). Let X(M.) be a Banach function space. 
In order that a measurable function g belong to the associate space X'(M.), it is 
necessary and sufficient that fg be integrable for every f in X(W). 

2.2. Weighted Banach function spaces 

Let X(R) be a Banach function space generated by a Banach function norm p. 
We say that / € Xi oc (R) if f\E £ A'(R) for any measurable set E C R of finite 
measure. A measurable function w : R — > [0, oo] is referred to as a weight if 



(A5) 




imU( R ) := p(|/|). 
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< w(x) < oo a.e. on R. Define the mapping p w : M + — > [0, oo] and the set 
X(R,w) by 

Pw (f) := p(fw) (f€M+), X(R,w) := {f E M+ : fw e X(R)}. 

Lemma 2.4. Let X(R) be a Banach function space generated by a Banach function 
norm p, let A'(R) be its associate space, and let w : R — > [0, oo] be a weight. 

(a) The mapping p w satisfies Axioms (Al)-(A3) in Definition 12.11 and X(R,ui) 
is a linear normed space with respect to the norm 



\\f\\x(u, w ) := Pw (\f\) = P(\M) = WfM 



(b) If w G -X\ oc (R) and 1/w E Aj' oc (R), then p w is a Banach function norm and 
X(R, w) is a Banach function space generated by p w . 

(c) If W £ X\ oc (M.) and 1/w G Aj' oc (IR), then A'(K, w^ 1 ) is the associate space 
for the Banach function space A(R, w). 

Proof. The proof is analogous to that one of [HI Lemma 2.5]. 

Part (a) follows from Axioms (A1)-(A3) for the Banach function norm p and 
the fact that < w(x) < oo almost everywhere on R. 

(b) If w G A"i oc (R), then wxe G X(R) for every measurable set E C R of 
finite measure. Therefore p w (xe) = p(w\e) < oo. Then p w satisfies Axiom (A4). 

Since 1/w G Aj' oc (R), we have Ce ■— p'{xe/w) < oo for every measurable 
set E C R of finite measure. On the other hand, by Axiom (A2), for / G M + we 
have p(fwxE) < p{f w ) — Pw(f)- By Holder's inequality for p f Lemma 12. 2p . we 
obtain 

f{x) dx = / f(x)w(x)xE(x) --— dx < pUwxe)p'{xe/w) < C E p w (f)- 

JR W(X) 

Thus p w satisfies Axiom (A5), that is, X(R, w) is a Banach function space. Part 
(b) is proved. 

(c) For g G M + , we have 

(Pw)'(g) = supi / f(x)g(x)dx : f G M + , Pw (f) < 1 

Urn 

= sup lj (f(x)w(x)) (J^j dx: fe M+, p{fw) < 1 

= sup jy h(x) (^-) dx : h e M+ > ^ : } 
= p'(g/w). 

Hence (X(R, w))' = A'(R, u;- 1 ). □ 

From Lemma 12.41 and the Lorentz-Luxemburg theorem (see e.g. [3J Chap. 1, 
Theorem 2.7]) we obtain the following. 
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Lemma 2.5. Let X(M) be a Banach function space and w : R — > [0, oo] be a weight 
such that w G Xi oc (R) and 1/w £ X{ oc (R). Then 



\\f\\x { u, w ) = sup |jf \f{x)g(x)\dx : jel'fl,^), ||s||jc'CR,™-i) < l| (2-1) 
/or a// / G X(R, w) and 

\\g\\x'(M lW -^=su.pyjf(x)g(x)\dx : f £ X(R,w), \\f\\x(n, w ) < l} (2-2) 
/or 5 G ^'(R,^- 1 ). 

2.3. Reflexivity of weighted Banach function spaces 

A function / in a Banach function space XQBL) is said to have absolutely continuous 
norm in X(R) if [|/XE n [[jt(R) ~~ > for every sequence {E n }^ D =1 of measurable sets 
on R satisfying \E n —> a.e. on R as n — > oo. If all functions / G X(M.) have this 
property, then the space X(R) itself is said to have absolutely continuous norm 
(see [2 Chap. 1, Section 3]). 

Lemma 2.6 ([2, Chap. 1, Lemma 3.4]). Let X(R) be a Banach function space. If 
f G X(R) has absolutely continuous norm, then to each e > there corresponds 
5 > such that \E\ < S implies WfxMlxCR) < £ - 

Lemma 2.7. Let X(R) be a Banach function space and w : R — ► [0, oo] be a weight 
such that w G Xi oc (R) and 1/w G -X"[ oc (R). If X(R) has absolutely continuous 
norm, then X(R, w) has absolutely continuous norm too. 

Proof. The proof is a literal repetition of that one of [51 Proposition 2.6]. By 
Lemma [2.4f b). X(R,w) is a Banach function space. If / G X(R, w), then fw G 
X(R) has absolutely continuous norm in X(R). Therefore, 

\\fXE n \\x(M.,w) = \\fwXE n \\x(W) ^0 

for every sequence {E n }^ D =1 of measurable sets on R satisfying \E n —> a.e. on R 
asn-> oo. Thus, / G X(R,w) has absolutely continuous norm in X(R,w). □ 

From Lemma l2T4"l and [2J Chap. 1, Corollaries 4.3, 4.4] we obtain the following. 

Lemma 2.8. Let X(M) be a Banach function space and w : R — ► [0, oo] be a weight 
such that w G X loc (R) and 1/w G X{ oc (R). 

(a) The Banach space dual [X(R,w)]* of the weighted Banach function space 
X(R, w) is isometrically isomorphic to the associate space X'(R, w" 1 ) if and 
only if X(R,w) has absolutely continuous norm. If this is the case, then the 
general form of a linear functional on X(R,w) is given by 

G(f):= J f(x)gjx)dx for g G X'(R, w~ x ) 

and \\G\\[x(r, w )]* = WgWx'^w- 1 )- 

(b) The weighted Banach function space X(R,w) is reflexive if and only if both 
l,w) and X' (R,u> _1 ) have absolutely continuous norm. 
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Corollary 2.9. Let X(M) be a Banach function space and w : R — > [0, oo] be a weight 
such that w G A loc (R) and 1/w G X[ oc (R). If X(R) is reflexive, then X(R,w) is 
reflexive. 

Proof. The proof is a literal repetition of that one of [5J Corollary 2.8]. If X(M) is 
reflexive, then, by [H Chap. 1, Corollary 4.4], both X(M) and X'(M) have absolutely 
continuous norm. In that case, due to Lemma \2. 71 both X(M.,w) and AT'(IR, ui -1 ) 
have absolutely continuous norm. By Lemma T2.8r b). X(WL,w) is reflexive. □ 

2.4. Density of smooth compactly supported functions 

For a subset Y of L°°(M), let Y"o denote the set of all compactly supported functions 
in Y. 

Lemma 2.10. Let X(M.) be a Banach function space. 

(a) Lg°(R) Cl(R), 

(b) If X(M) has absolutely continuous norm, then Lg°(R), Co(R), and Cq°(R) 
are dense in X(M). 

Proof. Part (a) follows from the definition of a Banach function space. 

(b) From [2, Chap. 1, Proposition 3.10 and Theorem 3.11] it follows that 
£g°(R) is dense in X(T8L). 

Let us show that each function u G (R) can be approximated by a function 
from Co(R) in the norm of X(M). We have suppu C Q and |u(ai)| < a for almost 
all x G R, where Q is some finite closed segment and a > 0. By Axiom (A4), 
Xq G X(M) and \Q nas absolutely continuous norm by the hypothesis. From 
Lemma [2.61 it follows that for every e > there is a S > such that \E\ < S 
implies that HxqX-eIIx(r) < £• By Luzin's theorem, for such a S > there is a 
continuous function v supported in Q such that < a and the measure of the 

set Q :— {x G Q : u(x) ^ v(x)} is less than S. Then 

\u(x) - v(x)\ < 2axg(x) (x G R). 

Therefore, by Axiom (A2), 

\\ u - « ||x(M) < M\xqXq\\x(r) < 2ae. 

Hence, each function u G Lj^°(R) can be approximated by a function from Co(R) 
in the norm of A(R). Thus, C (R) is dense in A(R). 

Now let us prove that each function v G C*o(R) can be approximated by a 
function from C(f(R) in the norm of A(R). Let a G C£°(R) and J R a(x)dx = 1. 
Consider 

v t{x) = - a (-) v(x - y) dy (t > 0). 

It is easy to see that v t G Cq°(R). Fix an interval Q containing the supports of v 
and v t . Then for every e > there is a t > such that — < e for all 

x G Q. Hence, 

IK - u||x(e) = HOt - v)xq\\x(r) < s\\xq\\x(m), 
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that is, v G Co(R) can be approximated by a function from C£°(R) in the norm of 
X(R). Thus, C£° (R) is dense in X(R). □ 

From [21 Chap. 1, Corollary 5.6] one can extract the following. 

Lemma 2.11. A Banach function space X(R) is separable if and only if it has 
absolutely continuous norm. 

Gathering the results mentioned above, we arrive at the next result. 

Lemma 2.12. Let X(R) be a Banach function space and w : R — > [0, oo] be a weight 
such that w G Xi oc (R) and 1/w G X[ oc (R) . 

(a) // X(R) is separable, then Lg°(R), C (R), and C$°(R) are dense in the 
weighted Banach function space X(R, w). 

(b) IfX(R) is reflexive, then Lg°(R) ; Co(R), and C§°(R) are dense in the weighted 
Banach function spaces X(R, w) and X'(R,w~ 1 ). 

Proof, (a) If X(R) is separable, then by Lemma \2.11\ X(R) has absolutely con- 
tinuous norm. Therefore X(R, w) has absolutely continuous norm too, in view of 
LcmmaO Hence, from LemmaETOtb) we derive that Lg°(R), C (R), and C^°(R) 
are dense in X(R, w). Part (a) is proved. 

(b) If X(R) is reflexive, then by [2, Chap. 1, Corollary 4.4], both X(R) and 
have absolutely continuous norm. Hence both X(R, w) and X'(R, have 
absolutely continuous norm in view of Lemma 12.71 Thus, from Lemma l2.10f b) we 
get that Lg°(R), C (R), and C$°(R) are dense in X(R,w) and in ^'(R,^- 1 ). □ 



3. Boundedness of the Cauchy singular integral operator on 
weighted Banach function spaces 

3.1. Well-known properties of the Cauchy singular integral operator 

One says that a linear operator T from L : (R) into the space of complex- valued 
measurable functions on R is of weak type (1,1) if for every a > 0, 

\{xeR:\(Tf)(x)\>a}\<^\\f\\ L i W 

a 

with some absolute constant Ck > 0. 

The following results are proved in many standard texts on Harmonic Anal- 
ysis, see e.g. Chap. 3, Theorem 4.9(b)] or 6, pp. 51-52]. 

Theorem 3.1. (a) (Kolmogorov). The Cauchy singular integral operator S is of 
weak type (1, 1). 

(b) (M. Riesz). The Cauchy singular integral operator S is bounded on L P {R) for 
every p G (1, oo). 
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Theorem 3.2. If f,g E L 2 (R), then 

(S 2 f)(x) = f(x) (x £ R), (3.1) 



(Sf)(x)g(x)dx = / f(x)(Sg)(x)dx. (3.2) 



3.2. Pointwise estimates for sharp maximal functions 

1/5 



For <S > and / £ L? oc (K), set 



f*(x) := sup inf (j^- I 

Q 5x cGR \ \Q\ J Q 



1/(2/) - c\ 5 dy 



The non-increasing rearrangement (see, e.g., [2j Chap. 2, Section 1]) of a measur- 
able function / on R is defined by 

f*(t) := inf {A>0:|{iel: \f(x)\ > A}| < t} (0 < t < do). 

For a fixed A £ (0, 1) and a given measurable function / on R, consider the local 
sharp maximal function Mjf / defined by 

Mf/^) := sup inf ((/ - c)* Q )* (A|Q|) . 

In all above definitions the suprema are taken over all intervals QcK containing 
x. 

The following result was proved by Lerner [T6J Theorem 1] for the case of R ra . 

Theorem 3.3 (Lerner). For a function g E L 1 1 oc (R) and a measurable function ip 
satisfying 

\{x E R : > a}\ < oo /or a?/ a > 0, (3.3) 

one /ias 

|<£>(x) 3 (x)|efo < C L / M*(p(x)Mg(x) dx, 



where Cl > and A £ (0, 1) are some absolute constants. 

The sharp maximal functions can be related as follows. 

Lemma 3.4 (0 Proposition 2.3]). If 5 > 0, A £ (0, 1), and / £ if oc (R), tten 

Mf f{x) < (1/X) 1/B ff(x) (x £ R). 

The following estimate was proved in [TJ Theorem 2.1] for the case of Calderon- 
Zygmund singular integral operators with standard kernels in the sense of Coifman 
and Meyer on R™. It is well known that the Cauchy kernel is an archetypical ex- 
ample of a standard kernel (see e.g. [SJ p. 99]). 

Theorem 3.5 (Alvarez-Perez). IfO < S < 1, then for every f £ Cq°(M), 

(Sf)f(x)<C s Mf(x) (xeR) 
where Cs > is some constant depending only on 5. 
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3.3. Sufficient condition 

The set of all bounded sublinear operators on a Banach function space Y(R) will 
be denoted by B(Y(M)) and its subset of all bounded linear operators will be 
denoted by B(Y(R)). 

Theorem 3.6. Let X(M) be a separable Banach function space and w : R — >■ [0, oo] 
be a weight such that w G ,X"i oc (R) and 1/w G X] oc (R). Suppose the Hardy- 
Littlewood maximal operator M is bounded on X(TRL,w) and on X'(R, id -1 ). As- 
sume that < S < 1 and T is an operator such that 

(a) T is of weak type (1, 1); 

(b) T is bounded on some L P (M) with p G (1, oo); 

(c) for each f G C§°(R), 

(Tf)f(x) < C s Mf(x) (x G R) 
where C$ is a positive constant depending only on 6. 
Then T G B(X(R,w)) and 

\\T\\b(x(r, w) ) < (l/A)' 5 C i ||M||g- (x(Kjw)) ||M|| B(x , (K)W - 1)) C (5) (3.4) 
where X G (0, 1) and Cl > are the constants from Theorem \3.!A 

Proof. The idea of the proof is borrowed from [9j Theorem 2.7]. By Lemma [2.41 
X(M.,w) is a Banach function space whose associate space is X'(R, u> _1 ). Let 
/ G C^°(R) and g £ X'(R, w" 1 ) C L} oc (M). Taking into account that T is of weak 
type (1,1), we see that Tf satisfies (|3.3p . From Theorem 13.31 we get that there 
exist constants A G (0,1) and Cl > independent of / and g such that 

/ \{Tf){x)g{x)\dx < C L f M*{Tf){x)Mg{x)dx. (3.5) 
Jr Jm. 

Since T is bounded on some standard Lebesgue space L P (M.) for 1 < p < oo and 
L S (J) C L r (J) whenever < r < s < oo and J is a finite interval, we see that 
Tf G Lf oc (R) for each 5 G (0,p\. From Lemma [3.41 and hypothesis (c) it follows 
that 

M*(Tf)(x) < (l/A)V'(T/)f (x) < (l/A)V'C tf M/0r) (x G R) (3.6) 

for some S G (0,1). Combining (13.51) and (|3.6[) with Holder's inequality (see 
Lemma [2~2^1 . we obtain 

f {(Tf^gix^dxKd f Mf(x)Mg(x)dx 
Jr Jr 

< CrWMfWx^WMgWx,^^, (3.7) 

where C x := (1/A) 1 / <5 C <5 C L > is independent of / G C£°(R) and g G X'(R, w" 1 ). 
Taking into account that M is bounded on X(R, w) and on X'(Wl, w^ 1 ), from (|3.7j) 
and we get 

/ da; < C2||/||x(K,«i)llfl , llx'(R,u;-i)) 



12 



A. Yu. Karlovich and I. M. Spitkovsky 



where C 2 := C\ ll^llgnf (r,«>)) ll^llefx'CR.u)- 1 ))- F rom this inequality and (|2.1|) we 
obtain 

l|27||x(R,„) = sup |^ \(Tf)(x)g(x)\ dx : <? e X'(R, w' 1 ), \\g\\ x -(R, w -^ < l} 

< C2||/||x(E,tu) 

for all / g Cg°(R). Taking into account that C °°(R) is dense in X(R, w) in view of 
Lemma r2.12f a). from the latter inequality it follows that T is bounded on X(J8L, w) 
and ||33J holds. □ 

Remark 3.7. The proof of this result without changes extends to the case of R™. 

Theorem 3.8. Let X(R) be a Banach function space and w : R — > [0, oo] be a 
weight such that w g Xi oc (WL) and 1/w g X,' (M). Suppose the Hardy-Littlewood 
maximal operator M is bounded on X(WL,w) and on X'(WL, w^ 1 ). 

(a) If the space X(M) is separable, then the Cauchy singular integral operator S 
is bounded on the space X(M.,w) and S 2 = I. 

(b) If the space X(R) is reflexive, then the Cauchy singular integral operator S is 
bounded on the spaces X(R,w) and X'(M., w^ 1 ) and its adjoint S* coincides 
with S on the space X'(R, w^ 1 ). 

Proof. From Theorems 13.11 and 13.51 it follows that all hypotheses of Theorem 13.61 
are fulfilled. Hence, the operator S is bounded on X(R, w). 

Let now ip 6 X(M.,w). Then there exists a sequence /„ 6 Lg°(R) such that 
/„ — > if in X(SL,w) as n -> oo. From (|3.1|) we get S 2 f n = f n because LjfQR) C 
L 2 (R). Hence 

\\S 2( P - <P\\xQS.,w) < II - fn\\x(R,w) + Wfn ~ <p\\x(R,w) 

= W^if - fn)\\x(WL,w) + - fn\\x(R,w) 
< (\\S 2 \\ B (X(R,w)) + 1)1!^ - fn\\x(R,w) -> 

asn-> oo. Thus S 2 ip — (p. Part (a) is proved, 
(b) From ([372]) it follows that 

/ (Sf)(x)gjx)dx= f f(x){Sgj{x)dx. 

for all /, g g Ljf 5 (R) . From this equality and Lemmas 12.81 and |2.12f b) it follows 
that S is a self-adjoint and densely defined operator on X(R,w) and X'(R,u; -1 ). 
By the standard argument (see [THl Chap. Ill, Section 5.5]), one can show that 
S = S* g B(X'(R, w' 1 )) because S G B(X(tt, w)) by part (a). □ 
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3.4. Necessary condition 

Let X(R) be a Banach function space and X'(M) be its associate space. We say 
that a weight w : R — !> [0, oo] belongs to the class Ax(R) if 

1 _i 



sup ——| 

-oo<a<6<oc " 



WX(a,6)||X(K)|F X(a,6)||X' 



< CO. 



[0, oo] be a weight. 



Theorem 3.9. Let X(M) be a Banach function space andw: I 
If the operator S is bounded on the space X(M.,w), then 

(a) w G X loc (R) and 1/w G X[ oc (R); 

(b) X(R, w) is a Banach function space; 

(c) w G Ajc'(R). 

Proof, (a) The idea of the proof is borrowed from Lemma 3.3]. Let £ C R be a 
measurable set of finite measure. Then there exist a, b G R such that £ C (a, &) =: 
J. It is clear that 

< w{x)x.j{x), xe(x)/w(x) < xj(x)/w(x) 
for almost all Then by Axiom (A2), 

\\wxe\\x(r) < \\wxj\\x(s), \\xe/w\\ X '(r) < \\xj/ w \\x'(s.)- 

Thus, it is sufficient to prove that wx.j G X(R) and x.J l w G X'(R). 

Obviously, the operator (V/)(x) = xj( x ) x f( x ) is bounded on X(R, to) and 

{{SV-VS)f){x) = ^-.Jj{y)dy 

for almost all Since the operator SV — V^S* is bounded on X(R, w), there 

exists a constant C\ > such that 



- / f(v)dy 
m J J 



<Cx\ 



\X{ 



X(M,w) 



lilo) for all f€X(R,w). 



On the other hand, 
1 



f(y)dy 



f(y)dy 



\\wxj\\x(s.)- 



(3.8) 



(3.9) 



Since w(x) > a.e. on R, we have ||wxj||x(r) > 0. Hence, from (|3.8j) - (|3.9|) it 
follows that 



< 



IA7 



Therefore, 



f(y)w{y) ■ ^j^-dy 



< 



\WXJ\\X( 



■11/^11 



X( 



for all measurable functions / such that fw G X(R). By Lemma 
X j/w G X'(R). 



we have 
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Let us show that there exists a function go G X(R.) such that 



C 2 



9o(y) 



dy 



Assume the contrary. Then, taking into account Lemma l2.10f a). we obtain 

g(y) 



w(y) 



w{y) 

CCOl 

dy = 



> 0. 



(3.10) 



(3.11) 



for all g continuous on J. By Axiom (A5), (l/w)\j G ^(J). Without loss of 
generality, assume that \ J\ = 2ir. Let rj : [0, 2ir] — > J be a homeomorphism such 
that \r)'(x)\ = 1 for almost all x G [0, 2n]. From p. lip we get 

" 27r V>(x) 



-dx = for all ip G C[0, 2tt] 



(3.12) 



/o w(»7(a;)) 

Taking (p(x) — e mx with n G Z, we see from (|3.12[) that all Fourier coefficients 
of l/(iu o 77) vanish. This implies that l/w(r](x)) = for almost all x G [0, 27r]. 
Consequently, w(y) = oo almost everywhere on J. This contradicts the assumption 
that w is a weight. Thus, C2 > 0. 

Clearly, f Q = g /w G A(r, w). Then from (IX8)) - (l3T0)) it follows that 

\\wxj\\x(r) < -7^-||/o||x(m,w), 

that is, wxj G A(R). Part (a) is proved. 

Part (b) follows from part (a) and Lemma l2T47 b). 

(c) The idea of the proof is borrowed from [3 Theorem 3.2]. By part(b), 
A(R, w) is a Banach function space. 

Let Q be an arbitrary interval and Qi, Qi be its two halves. Take a function 
/ > supported in Q\. Then for r G Q\ and x G Q2 we have |r — x| < |Q|. 
Therefore, 



\{Sf){x)\ = 



1 



/(r) 



dr 



f(r) 



dr 



> 



n\Q\ 



f(r)dr = 



1 



f(r)dr. 



Qi 



Thus, 



\(Sf)(x)\ XQ2 (x) > 



1 



2tt|Qi| 

Then, by Axioms (Al) and (A2), 



2tt]Qi| 
/(r) ) xq 2 (x) (xe 



\Sf\\x(K,w) > ||(5/)XQ 2 ||jC(R,w) 



> 



1 



2tt|Qi| 

On the other hand, since S 1 is bounded on X(R,w), we get 

ll-5/]U(K,to) < ||£||b(X(M.-u;))]|/I|x(R,w) = \\S\\B(X(R,w))\\fXQi\\x 



f{r)dT ) \\xq 2 \\x(r,w)- (3.13) 
,. (3.14) 
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Combining (|3.13l) and (|3.14[) . we arrive at 

(^J f(r)drj \\wxq 2 \\x(r) < 2n\\S\\ B ( X (WL, w ))\\fXQi \\x{r,w)- (3.15) 

Taking / = \Qi , from (|3. 151) we get 

ll w XQ 2 IU(R) < 27r||S , ||B(x(R,«,))||^XQilU(»)- 
Analogously one can obtain 

IkXQilU(R) < 2n\\S\\ B (x(R,w))\\wXQ 2 \\x(R)- (3.16) 

From (1X15)) and (pDH it follows that 

K^i (X f^ dT ) ll WXQl " x ( R ) - C H/XQillx(R,«,), (3.17) 

where C := (27r||S'||g(x(R,t ))) 2 - Let 

Y:= {geX(R,w);\\g\\ x(KiW) <l}. 
If <? 6 Y, then |<7|xq 1 > is supported in Q\. Then from (|3.17[) we obtain 



II^XqJIxCr) / l«/WIX0x(r)d7-<C|Qi| (3.18) 

JR 

for all .gel". From (j2.2|) we get 

\\w~ 1 XqA\x>(r) = \\XQi\\x>Ql,w-i) = SU P / \9( t )\xQi{t) dr. (3.19) 



9 er. 

From (|3~T8l> and (|3T9| it follows that 

II^XQillx(R)l|w _1 XQ 1 ||x'(R) < C\Qt\. 

Since Qi C K is an arbitrary interval, we conclude that w £ Ax{R)- □ 

3.5. The case of weighted variable Lebesgue spaces 

We start this subsection with the following well-known fact. 

Theorem 3.10 ([5j Theorems 3.2.13 and 3.4.7]). Let p : R —> [1, oo] be a measurable 
a.e. finite function satisfying (JTTTJ) . Then L P ^(R) is a separable and reflexive 
Banach function space whose associate space is isomorphic to L p (''(R). 

Now we are in a position to give a proof of Theorem 11.31 

Proof of Theorem \1.3\ Necessity. Theorem 13. 101 immediately implies that if p sat- 
isfies ([TTTj) . then is a Banach function space and 

A p( . ) (R) = A LPi) (R). 

From Theorem 13.91 it follows that that if S is bounded on the space 
then w £ A p (.)(R). The necessity portion is proved. 

Sufficiency. From Theorem 13 . 1 01 we know that L P ^(R) is a separable and re- 
flexive Banach function space. 
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and 1/w G .Ap/(.)(R). Further, it is easy to see that p is globally log- Holder con- 
tinuous if and only if so is p' . Hence, by Theorem II .21 the Hardy-Littlewood max- 
imal function is bounded on L p ( '\WL, w) and on LP H(R, w^ 1 ). Applying Theo- 
rem ^. 8f a). we see that the operator S is bounded on L p( - '•'(M, w). This finishes the 
proof of Theorem 11.31 □ 

Theorem 11.41 follows immediately from Theorems 11.21 13.81 and 13.101 
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